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We introduce several concepts associated with critical phenomena in the context of percolation.

13.1 Introduction

Our discussion of percolation and geometrical phase transitions requires little background in
physics, e.g., no classical or quantum mechanics and little statistical physics. All that is required
is some understanding of geometry and probability. Much of the appeal of percolation models is
their game-like aspects and their intuitive simplicity. Moreover, these models serve as an excellent
introduction to discrete computer models and the importance of graphical analysis. On the other
hand, if you have a background in physics, this chapter will be more meaningful and can serve
as an introduction to phase transitions and to important ideas such as scaling relations, critical
exponents, and the renormalization group.

Although the term “percolation” might be familiar to you in the context of the brewing of
coffee, our use of the term has little to do with it. Instead, we consider another example from
the kitchen and imagine a large metal sheet on which we randomly place drops of cookie dough.
Assume that each drop of cookie dough can spread while the cookies are baking in an oven. If
two cookies touch, they coalesce to form one cookie. If we are not careful, we might find a very
large cookie that spans from one edge of the sheet to the opposite edge (see Fig. 13.1). If such a
spanning cookie exists, we say that there has been a percolation transition. If such a cookie does
not exist, the cookie sheet is below the percolation threshold. (There is no percolation transition
for ground coffee, because the water dissolves some of the ground coffee beans and flows, regardless
of the density of the ground coffee.)

Let us make the cookie example more abstract to make the concept of percolation more clear.
We represent the cookie sheet by a lattice where each site can be in one of two states, occupied
(by a cookie) or empty. Each site is occupied independently of its neighbors with probability p.
This model of percolation is called site percolation. The occupied sites either are isolated or form
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Figure 13.1: Cookies (circles) placed at random on a large sheet. Note that there is a path of
overlapping circles that connects the bottom and top edges of the cookie sheet. If such a path
exists, we say that the cookies “percolate” the lattice or that there is a “spanning path.” See
Problem 13.4d for a discussion of the algorithm used to generate this configuration.

groups of nearest neighbors. We define a cluster as a group of occupied nearest neighbor lattice
sites (see Fig. 13.2).

An easy way to study percolation uses the random number generator on a calculator. The
procedure is to generate a random number 7 in the unit interval 0 < r < 1 for each site in the
lattice. A site is occupied if its random number satisfies the condition r < p. If p is small, we
expect that only small isolated clusters will be present (see Fig. 13.3a). If p is near unity, we
expect that most of the lattice will be occupied, and the occupied sites will form a large cluster
that extends from one end of the lattice to the other (see Fig. 13.3¢). Such a cluster is said to be a
spanning cluster. Because there is no spanning cluster for small p and there is a spanning cluster
for p near unity, there must be an intermediate value of p at which a spanning cluster first exists
(see Fig. 13.3b). We shall see that in the limit of an infinite lattice, there exists a well defined
threshold probability p. such that:

For p < p., no spanning cluster exists and all clusters are finite.

For p > p., one spanning cluster exists.

We emphasize that the defining characteristic of percolation is connectedness. Because the
connectedness exhibits a qualitative change at a well defined value of a continuous parameter, we
shall see that the transition from a state with no spanning cluster to a state with one spanning
cluster is a type of phase transition.

Our real interest is not in large cookies or in abstract models, but in the applications of
percolation. An example of the application of percolation is to the electrical conductivity of
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Figure 13.2: Example of a site percolation cluster on a square lattice of linear dimension L = 2.
The two nearest neighbor occupied sites (shaded) in (a) are part of the same cluster; the two
occupied sites in (b) are not nearest neighbor sites and do not belong to the same cluster.

p=02 p=0.59 p=0.38
@ (b) (©

Figure 13.3: Examples of site percolation clusters on a square lattice of linear dimension L = 16
for p = 0.2, 0.59, and 0.8. On the average, the fraction of occupied sites (shaded squares) is equal
to p. Note that in this example, there exists a cluster that “spans” the lattice horizontally and
vertically for p = 0.59.

composite systems made of a mixture of metallic and insulating materials. An easy way to make
such a system is to place a mixture of small plastic and metallic spheres of equal size into a container
(see Fitzpatrick et al.). Care must be taken to pack the spheres at random. If the metallic domains
constitute a small fraction of the volume of the system, electricity cannot be conducted and the
composite system is an insulator. However, if the metallic domains comprise a sufficiently large
fraction of the container, electricity can flow from one domain to another and the composite system
is a conductor. The description of the conduction of electricity through composite materials can
be made more precise by introducing the parameter ¢, the volume fraction of the container that
consists of metallic spheres. The transition between the two types of behavior (nonconducting
and conducting) occurs abruptly as ¢ (the analog of p) is increased and is associated with the
nonexistence or existence of a connected path of metallic spheres. More realistic composite systems
are discussed in Zallen’s book.

Percolation phenomena also can be observed with a piece of chicken wire or wire mesh. Watson
and Leath measured the electrical conductivity of a large piece of uniform steel-wire screen mesh
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as a function of the fraction of the nodes that are present. The coordinates of the nodes to be
removed were given by a random number generator. The measured electrical conductivity is a
rapidly decreasing function of the fraction of nodes p still present and vanishes below a critical
threshold. A related conductivity measurement on a sheet of conducting paper with random
“holes” has been performed (see Mehr et al.).

The applications of percolation phenomena go beyond metal-insulator transitions and the
conductivity of chicken wire, and include the spread of disease in a population, the behavior of
magnets diluted by nonmagnetic impurities, the flow of oil through porous rock, and the charac-
terization of gels. We concentrate on understanding several simple models of percolation that have
an intuitive appeal of their own. Many of the applications of percolation phenomena are discussed
in the references.

13.2 The Percolation Threshold

Because it is not convenient to generate many percolation configurations using a calculator, we
develop a simple program to do so. Consider a square lattice of linear dimension L and unit lattice
spacing, and associate a random number between zero and one with each site in the lattice. A
site is occupied if its random number is less than p. Program site, listed below, generates site
percolation configurations and shows the occupied sites as filled circles of diameter unity. The
program uses the FLOOD statement in True BASIC so that if the user clicks on an occupied site, all
the sites that are connected to it are changed to the same color and the clusters can be identified
visually. A click of the mouse outside the lattice increases p by the desired amount. The array
rsite stores the random number associated with each lattice site.

The percolation threshold p. is defined as the probability p at which a spanning cluster first
appears in an infinite lattice. However, for the finite lattices of linear dimension L that we can
simulate on a computer, there is a nonzero probability of a spanning cluster connecting one side
of the lattice to the opposite side for any value of p. For small p, this probability is order p”
(see Fig. 13.4). This probability goes to zero as L becomes large, and hence for small p and
sufficiently large L, only finite clusters exist. For a finite lattice, the definition of spanning is
arbitrary. For example, we can define a connected path as one that (i) spans the lattice either
horizontally or vertically; (ii) spans the lattice in a fixed direction, e.g., vertically; or (iii) spans
the lattice both horizontally and vertically. In addition, the criteria for defining p.(L) for a finite
lattice are somewhat arbitrary. Ome possibility is to define p.(L) as the average value of p at
which a spanning cluster first appears. Another possibility is to define p.(L) as the value of p
for which half of the configurations generated at random span the lattice. These criteria should
lead to the same extrapolated value for p. in the limit L — co. In Problem 13.1 we will find an
estimated value for p.(L) that is accurate to about 10%. A more sophisticated analysis discussed
in Project 13.1413.35 allows us to extrapolate our results for p.(L) to L — oo.

Problem 13.1. Site percolation on the square lattice

a. Use Program site to generate random site configurations on a square lattice. Estimate p.(L)
by finding the average value of p at which a spanning cluster is first attained. Choose L = 4
and begin at a value of p for which a spanning cluster is unlikely to be present. Then increase
p in increments of delta_p= 0.01 until you find a spanning cluster. Record the value of p
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Figure 13.4: An example of a spanning cluster of probability p on a L = 8 lattice. How many
other ways are there of realizing a spanning cluster of L sites?

at which spanning first occurs for each spanning criteria. Repeat this process for a total of
ten configurations and find the average value of p.(L). (Remember that each configuration
corresponds to a different set of random numbers.) Are your results for p.(L) using the three
spanning criteria consistent with your expectations?

b. Repeat part (a) for L = 16 and 32. Is p.(L) better defined for larger L, that is, are the values
of p.(L) spread over a smaller range of values? How quickly can you visually determine the
existence of a spanning cluster? Describe your visual “algorithm” for determining if a spanning
cluster exists.

The value of p. depends on the symmetry of the lattice and on its dimension. In addition to
the square lattice, the most common two-dimensional lattice is the triangular lattice. As discussed
in Chapter 8, the essential difference between the square and triangular lattices is in the number
of nearest neighbors.

*Problem 13.2. Site percolation on the triangular lattice

Modify Program site to simulate random site percolation on a triangular lattice. Assume that
a connected path connects the top and bottom sides of the lattice (see Fig. 13.5). Do you expect
pe for the triangular lattice to be smaller or larger than the value of p. for the square lattice?
Estimate p.(L) for L = 4,16, and 32. Are your results for p. consistent with your expectations?

In bond percolation each lattice site is occupied, and only a fraction of the sites have connec-
tions or bonds between them and their nearest neighbor sites (see Fig. 13.6). Each bond either
is occupied with probability p or not occupied with probability 1 — p. A cluster is a group of
sites connected by occupied bonds. The wire mesh described in Section 13.1 is an example of
bond percolation if we imagine cutting the bonds between the nodes rather than removing the
nodes themselves. An application of bond percolation to the description of gelation is discussed in
Problem 13.3.

*Problem 13.3. Bond percolation on a square lattice Suppose that all the lattice sites of a square
lattice are occupied by monomers, each with functionality four, i.e., each monomer can react to
form a maximum of four bonds. This model is equivalent to bond percolation on a square lattice.
Also assume that the presence or absence of a bond between a given pair of monomers is random
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Figure 13.5: Example of a spanning cluster on a L = 4 triangular lattice. The bonds between the
occupied sites are drawn to clarify the symmetry of the lattice.

Figure 13.6: Two examples of bond clusters. The occupied bonds are shown as bold lines.

and is characterized by a probability p. For small p, the system consists of only finite polymers
(groups of monomers) and the system is in the sol phase. For some threshold value p., there will
be a single polymer that is infinite in spatial extent. We say that for p > p., the system is in the
gel phase. How does a bowl of jello, an example of a gel phase, differ from a bowl of broth? Write
a program to simulate bond percolation on a square lattice and determine the bond percolation
threshold. Are your results consistent with the exact result, p. = 1/27

We also can consider continuum percolation models. For example, we can place disks at
random into a two-dimensional box. Two disks are in the same cluster if they touch or overlap. A
typical continuum (off-lattice) percolation configuration is depicted in Fig. 13.7. One quantity of
interest is the quantity ¢, the fraction of the area (volume in three dimensions) in the system that
is covered by disks. In the limit of an infinite size box, it can be shown that

p=1—eP", (13.1)

where p is the number of disks per unit area, and r is the radius of a disk (see Xia and Thorpe).
Equation (13.1) is significantly inaccurate for small boxes because disks located near the edge of
the box might have a significant fraction of their area located outside of the box. Program site
can be modified to simulate continuum percolation. Instead of placing the disks on regular lattice
sites, place them at random within a square box of area L?. The relevant parameter is the density
p, the number of disks per unit area, instead of the probability p. Because the disks overlap, it is
convenient to replace the BOX SHOW statement in Program site with

BOX SHOW occup$ at x(i)-0.5,y(i)-0.5 using "or"
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Figure 13.7: A model of continuum (off-lattice) percolation realized by placing disks of unit diam-
eter at random into a square box of linear dimension L. If we concentrate on the voids between
the disks rather than the disks, then this model of continuum percolation is known as the Swiss
cheese model.

where the arrays x(i) and y(i) are used to store the disk positions of disk i. It also is a good
idea to set the background color to red (not black or white).

Problem 13.4. Continuum percolation

a. For site percolation, we can define ¢ as the area fraction covered by the disks that are placed on
the sites as in Program site. Convince yourself that ¢, = (7/4)p. (for disks of unit diameter
and unit lattice spacing). It is easy to do a Monte Carlo calculation of the area covered by the
disks to confirm this result. (Choose points at random in the box and calculate the fraction of
points within any disk.)

b. Modify Program site to simulate continuum percolation as discussed in the text. Estimate
the value of the percolation threshold p.. Given this value of p., use a Monte Carlo method to
estimate the corresponding area fraction ¢., and compare the value of ¢, for site and continuum
percolation. Explain why you might expect ¢, to be bigger for continuum percolation than for
site percolation. Compare your direct Monte Carlo estimate of ¢, with the indirect value of ¢,
obtained from (13.1) using the value of p.. Explain any discrepancy.

c. Consider the simple model of the cookie problem discussed in Section 13.1. Write a program
that places disks at random into a square box and chooses their diameter randomly between 0
and 1. Estimate the value of p. at which a spanning cluster first appears. How is the value of
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pe changed from your estimate found in part (b)? Is your value for ¢. more or less than what
was found in part (b)?

d. A more realistic model of the cookie problem is to place disks with unit diameter at random
into a square box with the constraint that the disks do not overlap. Continue to add disks
until the probability of placing an additional disk becomes less than 1%, i.e., when one hundred
successive attempts at adding a disk are not successful. Then increase the diameters of all the
disks at a constant rate (in analogy to the baking of the cookies) until a spanning cluster is
attained. How does ¢, for this model compare with ¢, found in part (c)?

e. A continuum model that is applicable to random porous media is known as the Swiss cheese
model. In this model the relevant quantity (the cheese) is the space between the disks. For
the Swiss cheese model in two dimensions, the cheese area fraction at the percolation threshold,
be, is given by ¢, = 1 — ¢, where ¢, is the disk area fraction at the threshold of the disks.
Do you think such a relation holds in three dimensions (see Project 13.15)7 Imagine that the
disks are conductors and that the cheese is an insulator and let o(¢) denote the conductivity
of this system. Alternatively, we can imagine that the cheese is a conductor and the disks are
insulators and define a conductivity a(qNS). Do you think that o(¢) = O’(q;) when ¢ = ¢? This
question is investigated in Project 13.15.

Our discussion of percolation has emphasized the existence of the percolation threshold p.
and the appearance of a spanning path or cluster for p > p.. Another quantity that characterizes
percolation is Py (p), the probability that an occupied site belongs to the spanning cluster. Py is
defined as

number of sites in the spanning cluster

Py = (13.2)

total number of occupied sites

As an example, Py (p = 0.59) = 140/154 for the single configuration shown in Fig. 13.3b. A
realistic calculation of P, involves an average over many configurations for a given value of p. For
an infinite lattice, Px(p) = 0 for p < p. and Py (p) = 1 for p = 1. Between p. and 1, P (p)
increases monotonically.

More information can be obtained from the mean cluster size distribution ng(p) defined by

ns(p) =

For p > p., the spanning cluster is excluded from n,. (For historical reasons, the size of a cluster
refers to the number of sites in the cluster rather than to its spatial extent.) As an example, we
see from Fig. 13.3a that ns(1) = 20, ns(2) = 4, ns(3) = 5, and ng(7) = 1 for p = 0.2 and is
zero otherwise. Because N ) sn is the total number of occupied sites (NN is the total number of
lattice sites), and Nsng is the number of occupied sites in clusters of size s, the quantity

average number of clusters of size s

13.3
total number of lattice sites ( )

_sng
Do SN

is the probability that an occupied site chosen at random is part of an s-site cluster. Hence, the
mean cluster size S is given by

Ws

(13.4)

2
S=3suw, = 2o 5 (13.5)
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The sum in (13.5) is over the finite clusters only. As an example, the weights corresponding to
the clusters in Fig. 13.3a are w4(1) = 20/50, ws(2) = 8/50, ws(3) = 15/50, and w4(7) = 7/50, and
hence S = 130/50.

Problem 13.5. Qualitative behavior of ns(p), S(p), and P (p)

a. Visually determine the cluster size distribution n4(p) for a square lattice with L = 16 and
p =04, p=p., and p = 0.8. Take p. = 0.5927. One way to help you identify the clusters
is to modify Program site so that you can use the FLOOD statement to show different clusters
in different colors. Consider at least five configurations for each value of p and average ns(p)
over the configurations. Because the lattice is finite, more consistent results can be obtained by
discarding those configurations that have a spanning cluster for p < p. and those that do not
have a spanning cluster for p > p.. For each value of p, plot ns as a function of s and describe
the observed s-dependence. Does ng decrease more rapidly with s for p = p, or for p # p.?

b. Use the same configurations considered in part (a) to compute the mean cluster size S as a
function of p. Remember that for p > p., the spanning cluster is excluded.

c. Similarly, compute Py (p) for L = 16, and for various values of p > p.. Plot P(p) as a function
of p and discuss its qualitative behavior.

d. Verify that Y sng(p) = p for p < p. and explain this relation. How is this relation modified
for p > p.?

13.3 Cluster Labeling

Your visual algorithm for determining the existence of a connected path probably is very sophis-
ticated. Although using the FLOOD command in True BASIC helps us to automate the process for
a single configuration, we need to average over many configurations to obtain quantitative results.
Hence, we need to develop an algorithm that finds the clusters. In the following, we will find that
this task is not easy. The difficulty is that the assignment of a site to a cluster is a global rather
than a local property of the site.

We consider the multiple cluster labeling method of Hoshen and Kopelman. The algorithm
can best be described by an example. Consider the configuration shown in Fig. 13.8. We define an
array site to store the occupancy of the sites; an occupied site initially is assigned the value —1
and an unoccupied site is assigned the value 0. We assign cluster labels to sites beginning at the
lower left corner and continue from left to right. Because site(1,1) is occupied, we assign to it
cluster label 1. The next site is empty, and hence is not labeled. The next occupied site in the first
row is site(3,1). Because its left neighbor is unoccupied, we assign to it the next available cluster
label, label 2. The assignment of cluster labels to the remainder of the row is straightforward, and
we proceed to site(1,2) of the second row. Because this site is occupied and its nearest neighbor in
the preceding row is labeled 1, we assign label 1 to site(1,2). We continue from left to right along
the second row checking the occupancy of each site. If a site is occupied, we check the occupancy
of its nearest neighbors in the previous row and column. If neither neighbor is occupied, we assign
the next available cluster label. If only one nearest neighbor site is occupied, the site is assigned
the label of its occupied neighbor. For example, site(2,2) is assigned label 1 since its occupied
neighbor, site(1,2) has label 1.
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Figure 13.8: A percolation configuration on a square lattice with L = 7. Site coordinates are
measured from the origin at the lower left corner (1,1). Part (a) shows the improper cluster
labels initially assigned by Program cluster, a modified implementation of the Hoshen-Kopelman
algorithm. Part (b) shows the proper cluster labels.

The difficulty arises when we come to an occupied site at which two clusters coalesce and
cluster labels need to be reassigned. This case first occurs at site(6,2) — its two neighbors in
the previous row and column have labels 3 and 4, respectively. We define the proper cluster label
assignment at site(6,2) as the smaller of labels 3 and 4. Hence site(6,2) is assigned cluster label
3 and label 4 should be reassigned to label 3. It is inefficient to continually relabel the clusters,
because there likely will be further reassignments. Hence, we delay the reassignment of cluster
labels until the entire lattice is surveyed, and instead, keep track of the connections of the labels
through a label tree. We introduce an array np that distinguishes proper and improper labels and
provides their connections. Let us return to the configuration shown in Fig. 13.8 to explain the
use of this array. Before we came to site(6,2), labels 1 through 4 were proper labels and we set

np(l) =1, np(2) = 2, np(3) = 3, np(4) = 4. (13.6)

At site(6,2) where labels 3 and 4 are linked, we set np(4) = 3. This reassignment of np(4) tells
us that label 4 is improper, and the numerical value of np(4) tells us that label 4 is linked to label
3. Note that the argument i of np(i) always is greater than or equal to the value of np(i).

This procedure is still not complete. What should we do when we come to a site with two
previously labeled neighbors one or both of which are improper? For example, consider site(5,4)
which has two occupied neighbors with labels 5 and 4. We might be tempted to assign site(5,4)
the label 4 and set np(5) = 4. However, instead of assigning to a site the minimum label of its two
neighbors, we should assign to it the minimum of the proper labels of the two neighboring sites.
In addition, if the two neighboring sites have different proper labels, then we should set np of the
maximum proper label equal to the minimum proper label. In this example, we have np(5) = 3.

The above version of the Hoshen-Kopelman cluster algorithm is implemented in the following
subroutines. The arrays site and np are declared in a main program. After SUB assign is called,
site contains the proper labels for each occupied site. The array site is given an extra empty
column on the left (x = 0) and an extra empty row on the bottom (y = 0) so that the first column
and row do not have to be treated differently. The following declaration in the main program for
the arrays would be appropriate.
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DIM site(0:64,0:64) ,np(0:1000)

A more efficient and different version of the Hoshen-Kopelman algorithm written in Fortran has
been given by Stauffer and Aharony (see references). Although the Hoshen-Kopelman algorithm
is the most efficient cluster identification method for two-dimensional systems, it is not obvious
that this approach is the most efficient in higher dimensions. Can you think of another method
for identifying the clusters?

Problem 13.6. Test of the cluster labeling algorithm

Incorporate SUB assign and its associated subroutines into Program site. You will need to add
array site (in addition to array rsite) to the original subroutines of Program site. Use the
following subroutine to show the improper and proper cluster labels and to help you check that
the cluster labeling is being done correctly. Choose a particular configuration and explain how the
Hoshen-Kopelman algorithm is implemented.

After the clusters are labeled, we can obtain a number of geometrical quantities of interest.
Vertical spanning can be checked by seeing if there is a nonzero label in the bottom row equal
to a nonzero label in the top row. The following subroutine checks for the existence of a vertical
spanning cluster. Note that if vspan <> 0, there is a vertically spanning cluster with label vspan.
Horizontal spanning can be determined by comparing the labels of the left and right columns.

The cluster distribution ng can be found by computing the number of sites m(i) in cluster
i, counting the number of clusters of size s, and normalizing the results by dividing by L?, the
number of sites. The probability of an occupied site belonging to the spanning cluster P.,, can be
determined by finding the label of the spanning cluster, vspan, and taking the ratio of m(vspan)
to the total number of occupied sites. The mean cluster size S of the nonspanning clusters can be
computed from the relation
oy
g - 2im) (13.7)
> m(i)
Convince yourself that (13.7) is equivalent to the definition (13.5) of S. Note that the spanning
cluster is not included in the sums in (13.7).

In Problem 13.7 we apply the Hoshen-Kopelman cluster algorithm to a more systematic study
of site percolation. In Section 13.4 we use a finite size scaling analysis to estimate the critical
exponents.

*Problem 13.7. Applications of the cluster labeling algorithm

a. Compute F(p) dp, the probability of first spanning an L x L square lattice for p in the range
p to p + dp.Write a subroutine to find when the spanning first occurs as p is increased. Do a
minimum of 100 configurations for each value of L and plot F(p) as a function of p. Consider
L = 4,16, and 32. How does the shape of F'(p) change with increasing L? At what value of p is
F(p)dp =~ 0.5 for the various spanning criteria and for each value of L? Call this value p.(L).
How strongly does p.(L) depend on L for a given spanning criterion? How strongly does p.(L)
depend on the spanning criterion for fixed L?

b. Compute P, for p = p.,p = 0.65,p = 0.75, and p = 0.9 for L = 4,16, and 32. Do a minimum
of 100 configurations for each value of p. Use either the estimated value of p.(L) determined
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in part (a) or the known value p. = 0.5927 (to four decimal places). What is the qualitative
p-dependence of P,? Is Py (p = p.) an increasing or decreasing function of L? (Discard those
configurations that do not have a spanning cluster.)

c. Write a subroutine to compute ngs(p). Consider p = p. and p = p. + 0.1 for L = 4,16, and 32
and average over at least ten configurations. Why is ns a decreasing function of s? Does ng
decrease more quickly for p = p. or for p # p.?

d. Write a subroutine to compute the mean cluster size S for p = p. and p = p.+0.1 for L = 4,16,
and 32. Average over at least ten configurations. What is the qualitative p-dependence of
S(p)? How does S(p = p.) depend on L? For p < p,, discard the configurations that contain a
spanning cluster and for p > p. discard the configurations that do not have a spanning cluster.

It is convenient to associate a characteristic linear dimension or connectedness length &(p) with
the clusters. One way to do so is to define the radius of gyration R, of a single cluster of s particles
as

1
R2=-3 (r;— 1) (13.8)
where

1 S
r=- %) 13.
r SZI‘ (13.9)

and r; is the position of the ith site in the same cluster. The quantity T is the familiar definition
of the center of mass of the cluster. From (13.8), we see that R is the root mean square radius
of the cluster measured from its center of mass. The connectedness length £ can be defined as an
average over the radii of gyration of all the finite clusters. The choice of the appropriate average
is neither unique nor obvious. To find an expression for &, consider a site on a cluster of s sites.
The site is connected to s — 1 other sites and the average square distance to these sites is R? (see
Problem 13.8a). The probability that a site belongs to a cluster of site s is ws = sns. These
considerations suggest that one definition of & is

D os(s— 1w R? .

2
= 13.10
g Zs(s - 1)wé ( )
To simplify the expression for £, we write s instead of s — 1 and let w; = sng:
2 RZ
€2 = 2 5"l (13.11)

Zs s N
As before, the sum in (13.11) is over the nonspanning clusters only. The definition (13.11) and a
simpler definition of {(p) are explored in Problem 13.8.

*Problem 13.8. The connectedness length

a. An alternative way of defining the radius of gyration of a cluster of s sites is as follows:

1
R? = 5 > (ri— 1) (13.12)

.9
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The sum (13.12) is over all pairs of particles in the cluster. What is the physical interpretation
of (13.12)? Show that the form (13.12) is equivalent to (13.8). Which expression for R? is easier
to compute?

b. Write a subroutine to compute R, for a nonspanning cluster of size s. Choose L = 64 and
p = 0.57 and compute £ using the definition (13.11). Average over at least five configurations.
Does the largest nonspanning cluster make the dominant contribution to the sum?

c. Compute the p-dependence of either £(p) using (13.11) or associate £ with the radius of gyration
of the largest nonspanning cluster. Choose L = 64 and consider at least 50 configurations for
each value of p. Consider values of p in steps of 0.01 in the interval [p. — 0.05,p. — 0.01] and
[pe + 0.01, p. + 0.05] with p. = 0.5927. For p < p. discard those configurations that contain
a spanning cluster, and for p > p. discard those configurations that do not have a spanning
cluster. Plot £(p) and discuss its qualitative dependence on p. Is £(p) a monotonically increasing
or decreasing function of p for p < p. and p > p.?

13.4 Critical Exponents and Finite Size Scaling

We are familiar with different phases of matter from our everyday experience. The most familiar
example is water which can exist as a vapor, liquid, or solid. It is well known that water changes
from one phase to another at a well defined temperature and pressure, e.g., the transition from ice
to liquid water occurs at 0 °C at atmospheric pressure. Such a change of phase is an example of a
thermodynamic phase transition. Most substances also exhibit a critical point; that is, beyond a
particular temperature and pressure, it is no longer possible to distinguish between the liquid and
gaseous phases and the phase boundary terminates.

Another example of a critical point occurs in magnetic systems at the Curie temperature T, and
zero magnetic field. We know that at low temperatures some substances exhibit ferromagnetism, a
spontaneous magnetization in the absence of an external magnetic field. If we raise the temperature
of a ferromagnet, the spontaneous magnetization decreases and vanishes continuously at a critical
temperature T,. For T' > T,, the system is a paramagnet. In Chapter 7?7 we use Monte Carlo
methods to investigate the behavior of a magnetic system near the magnetic critical point.

In the following, we will find that the properties of the geometrical phase transition in the
percolation problem are qualitatively similar to the properties of thermodynamic phase transitions.
Hence, a discussion of the percolation phase transition also can serve as an introduction to ther-
modynamic phase transitions. We will see that in the vicinity of a phase transition, the qualitative
behavior of the system is governed by the appearance of long-range correlations.

We have seen that the essential physics near the percolation threshold is associated with the
existence of large but finite clusters. For example, for p # p., we found in Problem 13.7c that ng
decays rapidly with s. However for p = p., the s-dependence of ng is qualitatively different, and
ng decreases much more slowly. This different behavior of ng at p = p. is due to the presence
of clusters of all length scales, e.g., the “infinite” spanning cluster and the finite clusters of all
sizes. We also found (see Problem 13.8) that £(p) is finite, and an increasing function of p for
p < p. and a decreasing function of p for p > p. (see Fig. 13.9). Moreover, we know that £(p = p.)
is approximately equal to L and hence diverges as L — oo. This qualitative behavior of £(p) is
consistent with our physical picture of the clusters, that is, as p approaches p., the probability that
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Figure 13.9: Qualitative p-dependence of the connectedness length £(p). The divergent behavior
of £(p) in the critical region is characterized by the exponent v (see (13.13)).

two occupied sites are in the same cluster increases. These qualitative considerations lead us to
conjecture that in the limit L — oo, £(p) grows rapidly in the critical region, |p — p.| < 1. We can
describe the divergence of £(p) more quantitatively by introducing the critical exponent v, defined
by the relation

£(p) ~ lp—pe ™. (13.13)

Of course, there is no a priori reason why the divergence of £(p) can be characterized by a simple
power law. Note that v is assumed to be the same above and below p..

How do the other quantities that we have considered behave in the critical region in the limit
L — 00? According to the definition (13.2) of Py, Ps, = 0 for p < p. and is an increasing function
of p for p > p.. We conjecture that in the critical region, the increase of P, with increasing p is
characterized by an exponent § defined by the relation

Pu(p) ~ (p = pc)’. (13.14)

Note that P, is assumed to approach zero continuously from above p.. We say that the percolation
transition is a continuous phase transition. In the language of critical phenomena, P, is an example
of an order parameter of the system. An order parameter is a quantity that measures the “order” of
a system, and is nonzero in the ordered phase and zero in the disordered phase. In the percolation
context, we consider the phase with a spanning cluster to be ordered and the phase without a
spanning cluster to be disordered.

The mean number of sites in the finite clusters, S(p), also diverges in the critical region. Its
critical behavior is written as

S(p) ~Ip—pel™”, (13.15)
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which defines the critical exponent «v. The common critical exponents for percolation are summa-
rized in Table 13.1. For comparison, the analogous critical exponents of a magnetic critical point
also are shown.

Quantity Functional form Exponent d=2 d=3 |
Percolation

order parameter Py ~ (p—pe)P 8 5/36 0.4
mean size of finite clusters S(p) ~ |p—pc|™ v 43/18 1.8
connectedness length &) ~|p—p|" v 4/3 0.9
cluster numbers Ng~8s DP=P. T 187/91 2.2
Ising model

order parameter M(T)~ (T.-T)? 8 1/8 0.32
susceptibility X(T)~|T—=T|™7 ~ 7/4 1.24
correlation length EM)~|T-T " v 1 0.63

Table 13.1: Several of the critical exponents for the percolation and magnetism phase transitions
in d = 2 and d = 3 dimensions. Ratios of integers correspond to known exact results. The critical
exponents for the Ising model are discussed in Chapter ?7.

Because we can simulate only finite lattices, a direct fit of the measured quantities £, P, and
S(p) to their assumed critical behavior for an infinite lattice would not yield good estimates for
the corresponding exponents v, (3, and 7 (see Problem 13.9b). The problem is that if p is close
to pe, the extent of the largest cluster becomes comparable to L, and the nature of the cluster
distribution is affected by the finite size of the system. In contrast, for p far from p., {(p) is
small in comparison to L and the measured values of £, and hence the values of other physical
quantities, are not appreciably affected by the finite size of the lattice. Hence for p < p. and
P > pe, the properties of the system are indistinguishable from the corresponding properties of a
truly macroscopic system (L — oo). However, if p is close to p., {(p) is comparable to L and the
behavior of the system differs from that of an infinite system. In particular, a finite lattice cannot
exhibit a true phase transition characterized by divergent physical quantities. Instead, £ and S
reach a finite maximum at p = p.(L).

The effects of the finite size of the system can be made more quantitative by the following
argument. Consider for example, the critical behavior (13.14) of P,,. As long as £ is much less
than L, the power law behavior given by (13.14) is expected to hold. However, if £ is comparable
to L, £ cannot change appreciably and (13.14) is no longer applicable. This qualitative change in
the behavior of P, and other physical quantities occurs for

Ep) ~L~|p—p|™. (13.16)
We invert (13.16) and write
Ip—pe| ~ L7, (13.17)

The difference [p — p.| in (13.17) is the “distance” from the critical point at which “saturation” or
finite size effects occur. Hence if £ and L are approximately the same size, we can replace (13.14)
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by the relation
Pu(p=pc) ~ L7 (L — ) (13.18)

for the value of P, at p = p,. for a finite lattice. The relation (13.18) between P, and L at p = p,
is consistent with the fact that a phase transition, i.e., a singularity, is defined only for infinite
systems.

One implication of (13.18) is that we can use it to determine the critical exponents. This
method of analysis is known as finite size scaling. Suppose that we generate percolation configu-
rations at p = p, for different values of L and analyze P, as a function of L. If our values of L are
sufficiently large, we can use the asymptotic relation (13.18) to estimate the ratio 8/v. A similar
analysis can be used for S(p) and other quantities of interest. We use this method in Problem 13.9.

Problem 13.9. Finite size scaling analysis of critical exponents

a. Compute Py, at p = p, for at least 100 configurations. Consider L = 10, 20,40, and 60. Include
in your average only those configurations that have a spanning cluster. Best results are obtained
using the value of p. for the infinite square lattice, p. ~ 0.5927. Plot In P, versus In L, and
estimate the ratio §/v.

b. Use finite size scaling arguments to determine the dependence of the mean cluster size S on L
at p = p.. Average S over the same configurations as considered in part (b). Remember that S
is the mean number of sites in the nonspanning clusters.

c. Analyze your data for the p-dependence of S(p) obtained in Problem 13.5b for L = 16 and
estimate the value of 7 according to the assumed behavior given in (13.15). How does your
estimate for v compare with the answer that you obtained in part (b)?

d. Find the mass (number of particles) M in the spanning cluster at p = p. as a function of L. Use
the same configurations as in part (b). Determine an exponent from a plot of In M versus In L.
This exponent is called the fractal dimension of the cluster and is discussed in Chapter 77.

We found in Section 13.2 that the numerical value of the percolation threshold p. depends on
the symmetry and dimension of the lattice, e.g., p. &~ 0.5927 for the square lattice and p, = 1/2
for the triangular lattice. A remarkable feature of the power law dependencies summarized in
Table 13.1 is that the values of the critical exponents do not depend on the symmetry of the lattice
and are independent of the existence of the lattice itself, e.g., they are identical for the continuum
percolation model discussed in Problem 13.4. Moreover, it is not necessary to distinguish between
the exponents for site and bond percolation. In the vocabulary of critical phenomena, we say that
site, bond, and continuum percolation all belong to the same wuniversality class and that their
critical exponents are identical.

Another important idea in critical phenomena is the existence of relations between the critical
exponents. An example of such a scaling law is

26+ v =vd, (13.19)

where d is the spatial dimension of the lattice. The scaling law (13.19) indicates that the univer-
sality class depends on the spatial dimension. A more detailed discussion of finite size scaling and
the scaling laws can be found in Chapter 7?7 and in the references.
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13.5 The Renormalization Group

In Section 13.4, we studied the properties of various quantities on different length scales to de-
termine the values of the critical exponents. The idea of examining physical quantities near the
critical point on different length scales can be extended beyond finite size scaling and is the ba-
sis of the renormalization group method, probably the most important new method developed in
theoretical physics during the past twenty-five years. Kenneth Wilson was honored in 1981 with
the Nobel prize in physics for his contributions to the development of the renormalization group
method. Although the method was first applied to thermodynamic phase transitions, it is simpler
to introduce the method in the context of the percolation transition. We will find that the renor-
malization group method yields the critical exponents directly, and in combination with Monte
Carlo methods, it is frequently more powerful than Monte Carlo methods alone.

To introduce the method, consider a photograph of a percolation configuration generated at
p = po < pe. If we view the photograph (or screen) from further and further distances, what
would we see? Convince yourself that when you are far away from the photograph, you cannot
distinguish occupied sites that are adjacent to each other and you cannot observe single site clusters.
In addition, branches emanating from larger clusters and narrow bridges connecting large “blobs”
are lost in your distant view of the photograph. Hence for py < p., the distant photograph looks
like a percolation configuration generated at a value of p = p; less than py. In addition, the
connectedness length &(p;) of the remaining clusters is smaller than (pg). If we move even further
away from the photograph, the new clusters look even smaller with a value of p = ps less than p;.
Eventually we will not be able to distinguish any clusters and the photograph will appear as if it
were at the trivial fized point p = 0.

What would we observe as we go away from the photograph for pg > p.? We can use the
same reasoning to deduce that we would see only small regions of unoccupied sites. As we move
further away from the photograph, these spaces become less discernible and the configuration looks
as though a larger percentage of the lattice were occupied. Hence, the photograph will look like
a configuration generated at a value of p = p; greater than py with &(p1) < &(pg). As we move
further and further away from the photograph, it will eventually appear to be at the other trivial
fixed point p = 1.

What would we observe at pg = p.? We know that at the percolation threshold, all length
scales are present and it does not matter which length scale we use to observe the system. Hence,
the photograph appears the same (although smaller overall) regardless of the distance at which we
observe it. In this sense, p. is a special, nontrivial fixed point.

We now consider a way of using a computer to change the configurations in a way that is
similar to moving away from the photograph. Consider a square lattice that is partitioned into
cells or blocks that cover the lattice (see Fig. 13.10). If we view the lattice from the perspective
in which the sites in a cell merge to become a new supersite or renormalized site, then the new
lattice has the same symmetry as the original lattice. However, the replacement of cells by the new
sites has changed the length scale — all distances are now smaller by a factor of b, where b is the
linear dimension of the cell. Hence, the effect of a “renormalization” is to replace each group of
sites with a single renormalized site and to rescale the connectedness length for the renormalized
lattice by a factor of b.

How can we decide whether the renormalized site is occupied or not? Because we want to
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Figure 13.10: An example of a b = 4 cell used on the square lattice. The cell contains b? sites
which are rescaled to a single supersite after a renormalization group transformation.

preserve the main features of the original lattice and hence its connectedness (and its symmetry),
we assume that a renormalized site is occupied if the original group of sites spans the cell. We
adopt the vertical spanning criterion for convenience. The effect of performing a renormalization
transformation on typical percolation configurations for p above and below p. is illustrated in
Fig. 13.11 and Fig. 13.12 respectively. In both cases, the effect of the successive transformations
is to move the system away from p.. We see that for p = 0.7, the effect of the transformations
is to drive the system toward p = 1. For p = 0.5, the trend is to drive the system toward
p = 0. As we discuss in the following, we can associate p. with an unstable fixed point of the
renormalization transformation. Of course, because we began with a finite lattice, we cannot
continue the renormalization transformation indefinitely.

Program rg implements a visual interpretation of the renormalization group. The program
divides the screen into four windows with the original lattice in the first window and three renormal-
ized lattices in windows 2 through 4. In Program site we represented an occupied site at lattice
point x,y as a filled circle of unit diameter centered about the point (z,y). In contrast, Program
rg represents an occupied site at x,y as a filled box whose lower left corner is at « — 1,y — 1.

Problem 13.10. Visual renormalization group

Use Program rg with L = 32 to estimate the value of the percolation threshold. For example,
confirm that for small p, e.g., p = 0.4, the renormalized lattice almost always renormalizes to
a nonspanning cluster. What happens for p = 0.8?7 How can you use the properties of the
renormalized lattices to estimate p.?

Although a visual implementation of the renormalization group allows us to estimate p., it
does not allow us to estimate the critical exponents. In the following, we present a renormaliza-
tion group method that allows us to obtain p. and the critical exponent v associated with the
connectedness length. This analysis follows closely the method presented by Reynolds et al. (see
references).

The implementation of a renormalization group method consists of two parts: (i) an average
over the underlying variables together with a specification of the variables that determine the state
of the renormalized configuration, and (ii) a parameterization of the renormalized configuration in
terms of the original parameters and possibly others. We adopt the same average as before, i.e.,
we replace the b? sites within a cell of linear dimension b by a single site that represents whether
or not the original lattice sites span the cell. The second step is to determine which parameters
specify the new configuration after the averaging. We make the simple approximation that each
cell is independent of all the other cells and is characterized only by the probability p’ that the cell
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Figure 13.11: A percolation configuration generated at p = 0.7. The original configuration has
been renormalized three times by transforming cells of four sites into one new supersite. What
would be the effect of an additional transformation?

is occupied. The renormalization transformation between p and p’ reflects the fact that the basic
physics of percolation is connectedness, because we define a cell to be occupied only if it contains
a set of sites that span the cell. If the sites are occupied with probability p, then the cells are
occupied with probability p’, where p’ is given by a renormalization transformation or a recursion
relation of the form

p' = R(p). (13.20)

The quantity R(p) is the total probability that the sites form a spanning path.

An example will make the formal relation (13.20) more clear. In Fig. 13.13, we show the seven
vertically spanning site configurations for a b = 2 cell. The probability p’ that the renormalized
site is occupied is given by the sum of the probabilities of all spanning configurations:

P =R(p) =p* +4p*(1 — p) + 2p°(1 — p)*. (13.21)

In general, the probability p’ of the occupied renormalized sites is different than the occupation
probability p of the original sites. For example, suppose that we begin with p = py = 0.5. After a
single renormalization transformation, the value of p’ obtained from (13.21) is py = p’ = R(pg =
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Figure 13.12: A percolation configuration generated at p = 0.5. The original configuration has
been renormalized three times by transforming blocks of four sites into one new site. What would
be the effect of an additional transformation?

0.5) = 0.44. If we perform a second renormalization transformation, we have po = R(p1) = 0.35. It
is easy to see that further transformations drive the system to the fixed point p = 0. Similarly, if we
begin with p = py = 0.7, we find that successive transformations drive the system to the fixed point
p = 1. This behavior is qualitatively similar to what we observed in the visual renormalization
group.

To find the nontrivial fixed point associated with the critical threshold p., we need to find the
special value of p such that

p" = R(p"). (13.22)

For the recursion relation (13.21), we find that the solution of the fourth degree equation for p*
yields the two trivial fixed points, p* = 0 and p* = 1, and the nontrivial fixed point p* = 0.61804
which we associate with p.. This calculated value of p* for b = 2 should be compared with the
estimate p. = 0.5927.

To calculate the critical exponent v, we recall that all lengths are reduced on the renormalized
lattice by a factor of b in comparison to the lengths in the original system. Hence the connectedness
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Figure 13.13: The seven (vertically) spanning configurations on a b = 2 cell.

length transforms as
¢ =¢/b. (13.23)
Because £(p) = const|p — pe| " for p ~ p., we have
' = p T =07 - p (13.24)

where we have identified p. with p*. To find the relation between p’ and p near p., we expand
the renormalization transformation (13.20) in a Taylor series about p* and obtain to first order in

(p—p*):

P =p"=R(p) - R(p") = A(p—p"), (13.25)
where
_ dR(p=p")
A= — (13.26)

We need to do a little algebra to obtain an explicit expression for v. We first raise both sides of
(13.25) to the vth power and write

Ip" —p*|" =N (p—p*)". (13.27)
We then compare (13.27) and (13.24) and obtain
b=\ (13.28)

Finally, we take the logarithm of both sides of (13.28) and obtain the desired relation for the
critical exponent v:

L logb
~ log A’

(13.29)
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Figure 13.14: Example of the interface problem between cells. The two cells are not connected at
the original site level but are connected at the cell level.

As an example, let us calculate A for a square lattice with b = 2. We write (13.21) in the form
R(p) = —p* + 2p?. The derivative of R(p) with respect to p yields A = 4p(1 — p?) = 1.5279 at
p =p* = 0.61804. We then use the relation (13.29) to obtain

_log2

= 82 _1635... 13.
Y= log 15279 O (13.30)

A comparison of (13.30) with the exact result v = 4/3 (see Table 13.1) in two dimensions shows
remarkable agreement for such a simple calculation. (What would we be able to conclude if we
were to measure £(p) directly on a 2 x 2 lattice?) However, the accuracy of our calculation of v
is not known. What is the nature of our approximations? Our major assumption has been that
the occupancy of each cell is independent of all other cells. This assumption is correct for the
original sites, but after one renormalization, we lose some of the original connecting paths and
gain connecting paths that are not present in the original lattice. An example of this interface
problem is shown in Fig. 13.14. Because this surface effect becomes less probable with increasing
cell size, one way to improve the renormalization group calculation is to consider larger cells. We
consider a b = 3 calculation in Problem 13.11d. In Project 13.14 we combine the renormalization
group method with a Monte Carlo approach to treat still larger cells.

Problem 13.11. Renormalization group method for small cells

a. Enumerate the spanning configurations for a b = 2 cell assuming that a cell is occupied if a
spanning path exists in either the vertical or the horizontal directions. Obtain the recursion
relation and solve for the fixed point p*. Although you could use a root finding algorithm to
solve for p*, it is easy to use trial and error to find the value of p such that R(p) — p is zero. Or
you can plot the function R(p) —p versus p and find the value of p at which R(p) — p crosses the
horizontal axis. How do p* and v compare to their values using the vertical spanning criterion?

b. Repeat the simple renormalization group calculation in (a) using the criterion that a cell is
occupied only if a spanning path exists in both directions.

c. The association of p. with p* is not the only possible one. Two alternatives involve the derivative
R'(p) = dR/dp. For example, we could let p. =p = folpR’ (p) dp. Alternatively, we could choose
Pe = Dmax, Where ppax is the value of p at which R'(p) has its maximum value. Compute p,.
using these two alternative definitions and the various spanning criteria. In the limit of large
cells, all three definitions should lead to the same values of p..

d. Enumerate the possible spanning configurations of a b = 3 cell, assuming that a cell is occupied
if a cluster spans the cell vertically. Determine the probability of each configuration, and verify
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that the renormalization transformation R(p) = p° +9p3q+36p”¢* +67p%q> +59p°¢* +22p* ¢ +
3p3¢S. Tt is possible to do the exact enumeration by hand. Solve the recursion relation (13.22)
for p*. Use this value of p* to find the slope A and the exponent v. Then assume a cell is
occupied if a cluster spans the cell both vertically and horizontally and obtain R(p). Determine
p*(b = 3) and v(b = 3) for the two spanning criteria. Are your results for p* and v closer to

their known values than for b = 2 for the same spanning criteria?

Problem 13.12. Renormalization group method for triangular lattice

a. There are some difficulties with the above renormalization group method in the infinite cell
limit, if a cell is said to span when there is a path in one fixed direction (see Ziff). This problem
is absent for the triangular lattice. For this symmetry a cell can be formed by grouping three
sites that form a triangle into one renormalized site. The only reasonable spanning criterion is
that the cell spans if any two sites are occupied. Verify that R(p) = p* + 3p?(1 — p) and find
pe = p*. How does p* compare to the exact result p, = 1/27

b. Calculate the critical exponent v and compare its value with the exact result. Explain why b is
given by b? = 3. Give a qualitative argument why the renormalization group argument might
work better for small cells on a triangular lattice than on a square lattice.

It is possible to improve our renormalization group results for p. and v by enumerating the
spanning clusters for larger b. However, because the v’ possible configurations for a b x b cell
increase rapidly with b, exact enumeration is not practical for b > 7, and we must use Monte
Carlo methods if we wish to proceed further. Two Monte Carlo approaches are discussed in
Project 13.14. The combination of methods, Monte Carlo and renormalization group (MCRG),
provides a powerful tool for obtaining information on phase transitions and other properties of
materials.

13.6 Projects

We have seen that the percolation problem illustrates many of the important ideas in critical
phenomena. In later chapters we apply similar ideas and approaches to thermal systems. The
following projects require larger systems and more computer resources than the problems in this
chapter, but they are not much more difficult conceptually. More ideas for projects can be obtained
from the references.

Project 13.13. Cell-to-cell renormalization group method

In Section 13.5 we discussed the cell-to-site renormalization group transformation for a system of
cells of linear dimension b. An alternative transformation is to go from cells of linear dimension b;
to cells of linear dimension by. For such a “cell-to-cell” transformation, the rescaling length by /by
can be made close to unity. Many errors in a cell-to-cell renormalization group transformation
cancel, resulting in a transformation that is more accurate in the limit in which the change in
length scale is infinitesimal. We can use the fact that the connectedness lengths of the two systems
are related by £(p2) = (b1 /b2)~€(py1) to derive the relation

o h’lbl/bg

_ no/b 13.31
YT/ (13.31)
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where \; = dR(p*,b;)/dp is evaluated at the solution to the fixed point equation, R(be,p*) =
R(b1,p*). Note that (13.31) reduces to (13.29) for by = 1. Use the results you found in Prob-
lem 13.11d for one of the spanning criteria to estimate v from a by = 3 to by = 2 transformation.
Then consider larger values of by and b;.

Project 13.14. Monte Carlo renormalization group

a. One way to estimate R(p), the total probability of all the spanning clusters, can be understood
by writing R(p) in the form

N
R(p) =) <N)p"q<N">S(n), (13.32)

where N = b2. The binomial coefficient (17\{ ) = N!/((N — n)!n!) represents the number of
possible configurations of n occupied sites and N — n empty sites. The quantity S(n) is the
probability that a random configuration of n occupied sites spans the cell. A comparison
of (13.21) and (13.32) shows that for b = 2 and the vertical spanning criterion, S(1) = 0,
S(2) =2/6, 5(3) =1, and S(4) = 1. What are the values of S(n) for b = 3?

We can estimate the probability S(n) by straightforward Monte Carlo methods. One way to
sample S(n) is to add a particle at random to an unoccupied site and check if a spanning
path exists. If a spanning path does not exist, add another particle at random to a previously
unoccupied site. If a spanning path exists after s particles are added, then let S(n) = S(n) +1
for n > s and generate a new configuration. After a reasonable number of configurations, the
results for S(n) can be normalized. Of course, this procedure can be made more efficient by
checking for a spanning cluster only after the total number of particles added is near s ~ p* N
and by checking for spanning after adding several particles.

Write a Monte Carlo program to sample S(n). (Hint: store the location of the unoccupied sites
in a separate array.) To check your program, first sample S(n) for b = 2 and b = 3 and compare
your results to the exact results for S(n). Consider larger values of b and determine S(n) for
b =5,8,16, and 32. For b > 16, the total probability R(p) can be found by using (13.32) and
the Gaussian approximation for the probability of a configuration of n occupied sites:

N

PNmJ=(n>ﬂwwﬂ“w(%ﬂmm—%fWﬂWV”NW. (13.33)

Because Py (n) is sharply peaked for large b, it is necessary to sample S(n) only near n = p*N.
This method has been investigated by Hu (see references).

b. In part (a) the number of particles rather than the occupation probability p was varied. Another
Monte Carlo procedure is to vary p and sample F(p) dp, the probability of first spanning a b x b
cell in the range p to p+dp. Because the renormalization group transformation defines p’ as the
total probability of spanning at p, p’ can be interpreted as the cumulative distribution function
and is related to F'(p) by

ﬂ:mm=£}@@. (13.34)
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The sampling of F(p) for finite width bins Ap implies that the integral in (13.34) reduces to a
sum. Because A = dR(p = p*)/dp, we have A = F(p*). The simplest way to estimate A is by
setting A = F(Pmax), where pmayx is the value of p for which F(p) is a maximum. Determine
pe(b) and v(b) for b = 5,8,16, and 32. How do your results compare with those found in part
(refproj:13/mergproba)? Which method yields smaller error estimates for p. and v?

c. It is possible to extrapolate the results for the successive estimates p.(b) and v(b) to the limit
b — oo. Finite size scaling arguments (cf. Stauffer and Aharony) suggest that

v(b) = v—rc/Inb (13.35a)

and
pr(b) = pe—ar b= (13.35b)

for b sufficiently large. The relation (13.35a) suggests that the sequence v(b) should be plotted
as a function of 1/1Inb and the extrapolated result should be a straight line with an intercept
of v. The quantities a; and ¢; in (13.35) are fitting parameters. The relation (13.35b) suggests
that we should plot p.(b) versus b='/¥ using the value of v found from (13.35a). How sensitively
does your result for p. depend on the assumed value of v? It is necessary to consider cells
on the order of b = 500, and to do a more sophisticated analysis of v(b) and p*(b), to obtain
extrapolated values that agree to four places with the exact value v = 4/3 and the estimate
pe = 0.5927.

Project 13.15. Percolation in three dimensions

a. The value of p. for site percolation on the simple cubic lattice is approximately 0.311. Write
a program using the Hoshen-Kopelman cluster labeling method to verify this value. Compute
@, the volume fraction occupied at p., if a sphere with a diameter equal to the lattice spacing
is placed on each occupied site.

b. Consider continuum percolation in three dimensions where spheres of unit diameter are placed
at random in a cubical box of linear dimension L. Two spheres that overlap are in the same
cluster. As each sphere is added to the box, determine if the sphere overlaps with any other
sphere in the box. If it does not, then the sphere constitutes a new cluster. If it does, then
the sphere adopts the cluster label of the sphere with which it overlaps. If it overlaps with
spheres of different cluster labels, then it is necessary to either relabel the clusters or to use
the Hoshen-Kopelman algorithm to determine the proper label and generate a label tree. The
volume fraction occupied by the spheres is given by

p=1—ePmr’/3 (13.36)

where p is the number density of the spheres, and r is their radius. Write a program to simulate
continuum percolation in three dimensions and find the percolation threshold p.. Use the Monte
Carlo procedure discussed in Problem 13.4 to estimate ¢, and compare its value with the value
obtained using (13.36). How does ¢, for continuum percolation compare with the value of ¢,
found for site percolation in part (a)? Which do you expect to be larger and why?

c. In the Swiss cheese model in three dimensions, we are concerned with the percolation of the space
between the spheres. This model is appropriate for porous rock with the spheres representing
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solid material and the space between the spheres representing the pores. Superimpose a regular
grid with lattice spacing equal to 0.1r on the system, where r is the radius of the spheres. If
a point on the grid is not within any sphere, it is “occupied.” The use of the grid allows us to
determine the connectivity between different regions of the pore space. Use your cluster labeling
routine from part (a) to label the clusters, and determine gZN)C, the volume fraction occupied by
the pores at threshold. You might be surprised to find that éc is relatively small. If time
permits, use a finer grid and repeat the calculation to improve the accuracy of your results.

d. Use finite size scaling to estimate the critical percolation exponents for the three models pre-
sented in parts (a)—(c). Are they the same within the accuracy of your calculation?

Project 13.16. Conductivity in a random resistor network

a. An important critical exponent for percolation is the conductivity exponent ¢ defined by
o~ (p—pe), (13.37)

where o is the conductance (or inverse resistance) per unit length in two dimensions. Consider
bond percolation on a square lattice where each occupied bond between two neighboring sites
is a resistor of unit resistance. Unoccupied bonds have infinite resistance. Because the total
current into any node must equal zero by Kirchhoff’s law, the voltage at any site (node) is equal
to the average of the voltages of all nearest neighbor sites connected by resistors (occupied
bonds). Since this relation for the voltage is the same as the algorithm for solving Laplace’s
equation on a lattice, the voltage at each site can be computed using a relaxation method
discussed in Chapter ?7. To compute the conductivity for a given L x L resistor network, we
fix the voltage V' = 0 at sites for which x = 0 and fix V = 1 at sites for which z = L+ 1. In
the y direction we use periodic boundary conditions. We then compute the voltage at all sites
using the relaxation method. The current through each resistor connected to a site at z = 0 is
simply I = AV/R = (V —0)/1 = V. The conductivity is the sum of the currents through all the
resistors connected to z = 0 divided by L. In a similar way, the conductivity can be computed
from the resistors attached to the x = L + 1 boundary. Write a program to implement the
relaxation method for the conductivity of a random resistor network on a square lattice. An
indirect, but easier way of computing the conductivity, is considered in Problem ?77.

b. The bond percolation threshold on a square lattice is p. = 0.5. Use your program to compute
the conductivity for a L = 30 square lattice. Average over at least ten spanning configurations
for p = 0.51,0.52, and 0.53. Note that you can eliminate all bonds that are not part of the
spanning cluster and all occupied bonds connected to only one other occupied bond. Why? If
possible, consider more values of p. Estimate the critical exponent ¢ defined in (13.37).

c. Fix p at p = p. = 1/2 and use finite size scaling to estimate the conductivity exponent t.

d. Use larger lattices and the multigrid method (see Project ??) to improve your results. If you
have sufficient computing resources, compute ¢ for a simple cubic lattice for which p. =~ 0.247.
(In two dimensions ¢ is the same for lattice and continuum percolation. However, in three
dimensions t can be different.)
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