Problem 1

Let (d, 5, ¢) be any three non-coplanar vectors. We define the “reciprocal” set (f_f, B, 5) as follows:

A= L@xa, (1)

B = %@xax 2)

ézzgwxa, (3)
where

w=a.(bx & (4)

is the volume of the parallelepiped formed from (@, I_;, 0).

(a) Calculate the dot product of each of (@,b, &) with each of (4, B, C).

(b) Consider the second rank tensor

T=aA+bB+eC (5)
Calculate its scalar and its vector invariant.
(c) Show that 7 is idemfactor (unit tensor).
(d) Calculate the volume
Q=A(BxC) (6)

of the parallelepiped formed from (ff, g, é) in terms of the original set (@, 57 @). Can you express it purely in
terms of w?

() Calculate the reciprocal set (&, 3,7) of the reciprocal set (4, B, C).

(f) Why was the original set (@, b, €) restricted to be non-coplanar?

Problem 2

Without resorting to the use of components, show that the kinetic energy of a rotating rigid body

1 .
Ek = 5 Zmivi.vi (7)

can be written as

where J is the moment of inertia tensor.



Solution of the problem 1:

(a) Using the definition of w = @.(b x &) we get

GB=aC=bA=bC=cA=cB=0]|

where, in addition, we use the fact that the cross product is anti-commutative and thus for any vector & in 3D

(b) Scalar identity or trace of our tensor of the rank 2 follows immediately using results from part (a)
SI(T):=a.A+b.B+¢cC =[3]

In the case of vector identity we use definition of the reciprocal basis and observe cancelation of six terms
(obtained from bac-cab rule)

(c) We need to show that for any vector # we have
T.2=172.

Also, we should consider Z.7. We can argue that our tensor is in some particular basis matrix 3 x 3 and such
matrix is identity matrix if any vector is mapped to itself. More elegant way is to show that 7.7 =7 so

T.T = (@A +bB + &C).(GA + bB + &C)

and from part (a) immediately follows that only three terms do not vanish. Thus

-

T.T =d(@A)A+b0b.B)B+ccC)C=T.

(d) The volume of the reciprocal basis relates to the volume of the original basis as follows

-

Q:J.(Exé):%(gx@. (éxd’)x(dxb)].

Now we can use bac — cab rule or

-

(@x b) x (¢x d) = [@.(bx d)]é—[a@.(b x &)d,

which can be easily derived using Levi-Civita symbol €;;;. Note that Ei.(l_; x ¢) = det(a b ¢) = [d, 575], where
especially the last notation suggest invariance under the cyclic permutation. We than obtain
w w
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Q=—(bxo.dla,b,cl)=|—
S Gxaalabe) =



(e) The new reciprocal set is defined

—

a =

(BxC)=w 1(5xa)x1(ax”)} -[a]

2=
S
S

and

(f) If the original set (&, 5, ¢) would be coplanar, i.e. linearly dependent set of vectors, they would span only two
dimensional space (or one dimensional) and such space has three dimensional volume zero! It is easy to see this
fact directly from the definition of the volume w. We can immediately see that the definition of the reciprocal
set would fail (division by zero).

Solution of the problem 2:

The velocity of the i*" rotating particle with angular velocity & is

Uy =@ X T;
Now we can use this expression and write
1 N o
E, = 3 m (@D X 75).(D X 7%5)
i
1 e "
=3 m;@. 7 X (D X 74)]
i
1 e s\ o o
=5 Zmzw.[w(rl 7;) — 73 (75.0)]
K3
1 . S o
=3 m@.[(7;.75)T — 77].&
i
1. S .
= 5% m[(73.75)T — 7375) &
i
J
1, .
= §w.j.w ,

where J is the moment of inertia. It is symmetric tensor of 2°¢ rank, i.e. it is represented by two indexes and in three
dimensional space has nine components of which only six are independent. Note, that such matrix can be diagonalized
by properly choosing the basis of the vector space.



